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Abstract: In this paper, when the unit Darboux vector of the partner curve of Mannheim 
curve are taken as the position vectors, the curvature and the torsion of Smarandache curve 
are calculated. These values are expressed depending upon the Mannheim curve. Besides, 


we illustrate example of our main results. 
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§1. Introduction 


A regular curve in Minkowski space-time, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called a Smarandache curve ({12]). Special Smarandache 
curves have been studied by some authors . 


Melih Turgut and Siitha Yilmaz studied a special case of such curves and called it Smaran- 
dache T By curves in the space E} ({12]). Ahmad T.Ali studied some special Smarandache curves 
in the Euclidean space. He studied Frenet-Serret invariants of a special case ([{1]). Muhammed 
Cetin , Yilmaz Tuncer and Kemal Karacan investigated special Smarandache curves according 
to Bishop frame in Euclidean 3-Space and they gave some differential goematric properties of 
Smarandache curves, also they found the centers of the osculating spheres and curvature spheres 
of Smarandache curves ([5]). Senyurt and Caligkan investigated special Smarandache curves in 
terms of Sabban frame of spherical indicatrix curves and they gave some characterization of 
Smarandache curves ((4]). Ozcan Bektag and Salim Yiice studied some special Smarandache 
curves according to Darboux Frame in E® ((2]). Nurten Bayrak, Ozcan Bektag and Salim Yiice 
studied some special Smarandache curves in EF} [3]. Kemal Tasképrii, Murat Tosun studied 
special Smarandache curves according to Sabban frame on S? ({11]). 


In this paper, special Smarandache curve belonging to a* Mannheim partner curve such 
as N*C™ drawn by Frenet frame are defined and some related results are given. 
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§2. Preliminaries 


The Euclidean 3-space E® be inner product given by 
(,) =a] +03 + 93 


where (21,22,%3) € E%. Let a: I > E® be a unit speed curve denote by {T,N, B} the 
moving Frenet frame . For an arbitrary curve a € E£°, with first and second curvature, « and 
T respectively, the Frenet formulae is given by ([6], [9]) 


T’ =kKN 
N'’=-«T+7B (2.1) 
Bl =-—TN. 


For any unit speed a: I > E3, the vector W is called Darboux vector defined by 


K(8) 
|WII 


7(8) 


cosy = , 
|W 


sing = 


C = sin pT (s) + cos pB(s) (2.2) 


where Z(W, B) = y. Let a: I — E® and a* : I — E? be the C?— class differentiable unit 
speed two curves and let {T(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames of 
the curves @ and a*, respectively. If the principal normal vector N of the curve a is linearly 
dependent on the binormal vector B of the curve a*, then (qa) is called a Mannheim curve and 
(a*) a Mannheim partner curve of (a). The pair (a, a*) is said to be Mannheim pair ([7], [8]). 
The relations between the Frenet frames {T(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} are as 
follows: 
T* = coséT — sindB 


N* =sin@T + cos6B (2.3) 
BY =N 
cos @ = cs 
; c ds* (2.4) 
sin @ = \r* — 
ds 


where Z(T,T*) = 0 ((8}). 


Theorem 2.1([7]) The distance between corresponding points of the Mannheim partner curves 


in E® is constant. 


N*C*— Smarandache Curves of Mannheim Curve Couple According to Frenet Frame 3 


Theorem 2.2 Let (a,a*) be a Mannheim pair curves in E®. For the curvatures and the torsions 


of the Mannheim curve pair (a, a*) we have, 


ds* 
=—7* sj g@— 
K=7* sin oF 
(2.5) 
T=-T Cee aa 
and 
.. ad, K 
dst tr VR? +72 
(2.6) 


t= (x sind — r eos) = 
Ss 


73 


Theorem 2.3 Let (a,a*) be a Mannheim pair curves in For the torsions T* of the 


Mannheim partner curve a* we have 


Theorem 2.4([{10]) Let (a,a*) be a Mannheim pair curves in E®. For the vector C* is the 


direction of the Mannheim partner curve a* we have 


g’ 
1 
(ie ge gy (2.7) 
6 \2 6 \2 
1 { 1+(—_ 
(iv) (i) 


where the vector C' is the direction of the Darboux vector W of the Mannheim curve a. 
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Frenet Frame 


Let (a,a*) be a Mannheim pair curves in E® and {T*N*B*} be the Frenet frame of the 
Mannheim partner curve a* at a*(s). In this case, N*C* - Smarandache curve can be defined 
by 


1 * * 
fils) = (N" +"). (3.1) 


Solving the above equation by substitution of N* and C* from (2.3) and (2.7), we obtain 


(cos 6|| W|| + sin 4/6’? + ||W][2)T + ON + (cos0,/6”? + ||W||2 — sin || Wl) B 


a” + || WI? 


Ai(s) = 


(3.2) 
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The derivative of this equation with respect to s is as follows, 


\|W | / 0'k cos O K wl a 
Ta,(s) = (gett) cova — Sef] + | — (Geb) Mw 
1 ye ee ds ee. he I 
2 
(stg) SE] sin] ne ~2( lit ya] 


/9'2 + || WI? 0’ AT ||W|| ATW] vf 0/2 +|| W|I? 


et ae Ww)’; 
ee ( tl) sind] B 


2 
(Gea ae Ca a ae ee (ee 
0/2-+|| Wl? go’ AT||W I AT ||W 0/2-+||WIl2 Qo’ 


(3.3) 


In order to determine the first curvature and the principal normal of the curve (1(s), we 
formalize 


v2 (ri cos @ +r sin 0)T + 73N + (—7 sin @ + 2 cos 6)B 


Tz, (s) = Pert e | @. «ea e.g 0 < os 9 ae 
(=) ee 4 2? +I?) satin -2(s ML) 3 
0/24 ||WI|I2 6’ AT||W|| ATW] Vf 0/2 +|| W|I? a” 
where 


n=) (Ge) eae) 

x 6 \(( |W yee |W | 
At||W|| (6? + WI 6 (9? + WIP 6 
— )*- 2) WI eee (lc wi_y’ 
Yor siwie A Jor eye yo? +IIWIP 


YM Yee Fy’ 
aa II 


27 OK! 2 |W 
i carr mc (sani) Ge) | ene 
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rl ( \| | ) +2 6k \{( |W ee 

e /e? + || WI)? Ar e? + |||)? : 

i ge y ey 
g? + |W?” \4/6? + (IWIP2 AAAS, /o? + (WI? e 

Ww )-( 6K ml al y eM ial ) 
gr Wil2 AT||W'|| i/o? + WIP 0 / 


x 


= 


2 (<q) [sey a) - 2G in) 


QA 41 -E_)-e 


67 + |W 6’? + ||WI|? 
( al je 6! Nast 6k mt Ww ) 
0? + ||WIP - Jor +ywye2 ATW LS, /62 + wp 
a (—) - i) (ey "1 
0 ! AT||W'|| Q’2 4 |W? g’ 


(2) (4 Gna wh yt 


hs 
ABET Oe WR Vo? + IWR” V6? + (VII? 
( O'r: dC ||W'|| ie: (i \|W'|| yer 
/ 7 
MMW for eye? 8 e+e 8 


(am) (Ga): 


6? + ||W||? 


| )-[( ial ) wv) 
fo? + ||WII2 6? + WI? @ 


— Ok nt |W y I 6! nae 


AT||W|| or? + |W? a 


| 
( |W’|| ) a? + ||W|I? ( 6g ) +.3( kK )°( Ok ) 
| 6? + |W]? oY | Y dr Xr||W| 
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; 


( |W ) 6? + ||W||? 


——_—_—_—_—— 
“—— 
s 
bo 
+ ys 
a 
“N 
NS 
| 
wo 
o—— 
- 
I}e 
S| > 
ee 
bo 


| rr | 
—~ 
nN" 
s 
Ne) 
S] g 
= 
__' 
i) 
7 ™~ 
S 
nN" 
1) 
| 
a ™~ 
S 
x 
no" 
i) 


6” + ||WI|I2 a e+ || WII? Ar||W' 
2, 2 2 
( |W ae ul \w'|| es 
0? + |W o Ar W/o? + WIP . 
WwW 14/07 + ||W\|l? Ww 
#852) (Se) | (+ 
fo + ||W|I? a” + ||W I? 
2 c 
qa jada i WMS yi (Wy 
2 2 0” y2 2 AT 2 2 
a” + ||W|| a + ||W|| a” + ||W|| 
0 + ||W|l? 


: |W Ok K ||| : 
( ; (Se) |( ea 


a? + (|W? 7? |W 0! On \4 OK \? 
6 | ( gi? 4. Til ear gi CcaL -2( aA) 


(+3) )|(— yea ee 


sae ad ne V9? + WIP 
(Ay |( |W] ) en OK yey 2/ Ok ) 


Ga) Gm a Cae - Gane) 
wives ivy) _) , ¢_e Iwi_y’ 
ea ial pea iw 
| vor+iwie 0 + WIP 
yl Maal ee \w|| ) ses a 


AT LS /9? + ||WII2 a 6? + WI? e 


— 


a” + || WI? 
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M4 - [( wi eer -_ 

or? + |IWIP or? + |IWIP z Jo? + |IWIP 

zi 6 ml |W cae al 6! \e es 
Jo? + |IWIP we yor +iwie 97 

( thal eer Tha yer twlla = 

or? + |IWIP : era yw: OT Lo? 4 iP 


+ WI? ot Or Ww spas 

oe Sra, +2(so) ( [gr 4. ae a” | 
fy? yy [¢__11 er) Wille 2 
Soma arsed Te eine? 


—)- ale Sl EY) 


6° + ||W|? a” + |W)? a” + ||W| 


aw 6k )( 6k rea 6k ){( |W -) 


9 x7) eT rT XW LS To ry 


ut Soca Cann) (Gere) 


eaep) * Grate) Goan) (Geen) 
ae - Camm) (Geese sede 
eis } 


The first curvature is 


eed 


<<] 
ae, 
Fh 


a ™~ 


V2( Py? + 79? + 737) 


wefan —— sp eS 77 ee 
( hal ) MP 4 (OP +IWIP) | ce 2( (wil le 
0/2-+|| Wl? go’ AT |W] ATTW TT, 02+], W]|2 Qo’ 


KB, = 
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The principal normal vector field and the binormal vector field are respectively given by 


(1, cos + Fy sin b)T + 73.N + (—F1 sind + 72 cos 6)B 
M858. (3.4) 
VTi + fee + T3 
Bs,(s) = 27+ 24 Bp, (3.5) 
ba fa &4 


where 


ne yw) Iw ree ba eee wy)" 
& = Fcos6( At.) “gr — F2 cos dst — Ine (aL) “or 


ef We Va eee 

3( pe) +a(xti)| sin 0 
Bees wwe)’ _ a'r 

b2 =T1 ( 7) AT||W 


er ( Ww ) come 2) ean ng —ni( Ww ) l 
3 /9'2 4. W ||? 0’ AT AT /9'2 4 WI||? 0g’ 
/ / 
—P3 ee) F344 | cos 0 
/9'2 +||W ||? AT ||W 


2 
a z w ’ fo? +1WIP 7 2 4 2) R074 WI? 
(7? + Py? + 3”) ( rte | a + (72 + Py? + 7?) eo 


K =2( Ww \e 
AT||W I 0/2-+||W [2 go’ > 


In order to calculate the torsion of the curve (3, we differentiate 


a sage (UL ee 
(ey ts) 
veri % Jom iwye 7 

sino ( On dC || WI ei Q’ 7 


AU Loe re Jeane 
14/07 + ||W Il? ‘kh \? 7 y2 
( ial yv a | 


vorsiwie, — % lala? + yrary2 SATII Oe 


*)-[( Tha! yer) Thal 


®) -(_— 


fo? + (WIP 


6g’ 


( 


for + IW IP 
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aa SH) Is 
—sno([( ty 

f(t veiw) wi ae \, 
( ) =) 


Zara | oe de 
/ 1/0? + ||W ||? / 
+o | Ok IC |W || ) | ) 60 kK 


—— —_——. + _ | — 
AWS /6? + IW 9? +. (IW 


( 


( hal picasa hal Zl 6 )*-(")|»). 


Q/? a \|W ||? 0’ g/2 ef |W | AT||W|| AT 
and thus : : 

m (t; cos@ + tosiné +t3)T + t3N + (t2cos6 — t; sind + ts3)T 

1 V2 ’ 
where 


iy, ( Ww eae 0! ( Iwi__y 


so eS 81 elle 
/ 
yo? + IW? : yo? + ||WII? Vo? + |W? 


wr haa y eel ual 


6’ i oa ee oY aE 


Vo? + (WIP a” + || WII? 
( || W|| eel : 6 ( Ok, )' 
ss ; = 


6 + |W e 9? + |W)? 


g! 


a” + |W)? 


6k \2 haal 14/0? + (|W? 6! OK \ KK 
Cora, ( Saray 6! =f Ge 


+ 


( \w|| eas \|w|| 6'k en 6k yey 
a eT) 


a 2( Ok nt |W ss. 6! 2 6 
Ar||W|| /o'? + ||W||2 ce /o'? + ||W||? Ar||W|| 
( |W i \| | 3( 6K )( 6 ) 

/o'? + ||W||2 o /o'? + ||W|? Ar||WI| 7 \Ar||W| 
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+( OK d(C \|W'|| je eal 6’ Ky 
IW fers o+\w2 47 
1/0!? + ||W|l2 ! 
(—_u_) ied | of) |(—_) 
Vo? + (WIP Vo? + (WIP 


ver +iwie 77 


sie La \w|| +2 Maal je 
. fer +iwi | /e?+|wIP Ps 


g’ RK K )' 


Verse 


= (( 8 \(8 f(y ve IP) fi _y’ 
: (role Gerry i eae 
FE _w_y ITY)_oy 

e for+iwie Jeane 0 
ch : (ces eas 


6? + WII? e 6 + |W? 0 


(Aa *))_- Git 
yer+iwie for +iime Ae? Os 
—(E) + EY" 


The torsion is then given by 
det (Gi, By, BY") 
13 = ; 
18. A BP 


Qy 


TB, = aro 


where 


— on %)2( Wy, ®t _y)PPP _ _’e_y? 
Qa = 2t1 (<=) (Tse Q’ ots (Tae) Q/? a(so) 


( |W et +( 0'k ) t2( ame ( |W’ II ) ae 9”? 


— — = = — ——_— x te 
Vo? + WIP Ar||W'|| Jo + ||WIP 0’ 0”? + ||W||? 


6! AT 
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|W || 
6” + WIP 


) 


+ 


(aR 
( 


|W || 


Jer + WIP 


)] »( 


‘tol K 


Sy 


0'k ) 
AT ||W || 


=( Ok 


—2( 


Ar||W || 


Jul ( 


Jo” + [WIP 


|| WI 


|| WI 


Je” + TWIP 


Ya( 


rs ( 


|| WI 
Jo” + [WIP 


|W | 


K 


mall 


AT 


yr 


(Au 


) 


(A 


SS Ht 
Jo" + (WIP 


Jor + wir)" 


Jer? + WIP 


6” + ||W| 


6’ 
AT 


I|W| 


= (( 


( 


+ti— 


Q2 = 


( 


(i 


Vo" + WIP 


“I ( 
Br 


Jor? + WIP 


Jor + WIP 


qt 


|W || ) 


|W 


K 


60'k 
Ar ||W|| 


Wit _ 


K 


3 Nr 


(or 


60' ks 
AT ||W || 


AT 


-0( so) Ge) 


is 

AT 
W|I 
|W 
6”? + WI? 


|- 


|| WI 


kK “(ate 


(A 


Ok 
AT||W|| 


)+ 


a+ WIP 


| 
(Fe + ||W|I? 


: 


Vo? + ||WI? 


Me 
1+ a 


as 
Ww) (ae 


2 


|W’ 


Neel 
JOE 
) 


Ar||W Ih 


) 
|W || 


Vo" + [WIP 


vo" + WIP 


) 


Wl? 


( 


6’ 


é’ 


( ) 


K 


OF 


( 
ne 


Vor + ||WII? 
°( 
} -¢ 


Jo" + [TWIP 


Vor wry’ = 
VOr+ WP 


Jor? + WIP 


|W Il y; 
) +te ( 
ii 
xr 


ea 


|| W|I 


) 


|W || 


K / 
x7) ( 

OK 
3 Ceara 
6’ 


raw) || 


Ar||W |} 


g’ 


J +( 


Jor + WIP 


0k 


(ar 


|| WI 


(A 


: 


g’ 


|| W|I 


Jo” + [WIP 
)'[( 
Ve? + WIP 


( 


|| W|I 


0' ks 


Ar||W || 


AT||W | 
+ |W? 


= 


yt 


6’ 


Jo” + WIP 


| W|I 


Al 
Vo" + [WIP 


al 


) 


||| 


||| 
ar” + |||? 


g’ 


& |W 
At 6! 


)] 


Jo” + WIP 
K\3 
aang +4(3)*, 


) 


K 


en pee 
“\r 


) 


Jor + wir) 


# 


| W|| 
Vo + ||WIl? 
: Jo + |IWIP 


K 


Ar 


( 


0' ks 
AT||W II 


RVLE WF] : 


"ks 


Ar||W || 


6’ 


) 


yn) +( 


|W || 


Jo” + [TWIP 


Jo? + WIP 


|| WI 


)( 


Q’ 


zs 
) GE) + ( 


Ar 


(A 


| 


veer 


( 


6’ 


Ok 
AT||W|| 


) 


) (5) 


a 


OF aay 


OK 


Ar||W' Ih 


6’ 


) 


Vo" + [WIP 


ul 


Jer + WIP 


WIP? 
a? + |W? 


0' Ks 
AT||W|| 


) 


||| 


Jo” + [WIP 


OK 


Ar||W |} 


, 


: 


|| W|I 


Vo? + |W)? 


: 


; 


( ||| iv ve vr) g e (zs wi et) vo easy |W Il 
JO? + |W? ee Jo =a Ge 6? + |W? a Jo? + ||WII? 
-2( Ok (= |W Il ty’ veer) agp a? "(qn wh a), et) 
Ar||W|| Jo? + WIP 6 OF Jo? + wl? 6 
2 
6 OK \3 Ok K\2 K\ K |W || : 
Jo? + |W + (rT) x (WD) Cee, (x7) x5 (79 0 a) 


Example 3.1 Let us consider the unit speed Mannheim curve and Mannheim partner curve: 


a(s) = 


v2 


(- cos s,— sins, 8), a’ (s) = 


v2 


The Frenet invariants of the partner curve, a*(s) are given as following 


T™(s) 


(2 sins, —2coss, 1), 


(—2cos s, —2sins, s)- 
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1 
N*(s) = —(sin s, cos s,—2) 
v5 
B*(s) =  (coss,sins,0) 
2 2 2 2 1 
C*(s) = (=sins+-—=coss,—=coss + —=sins, = 
(s) (5 V5 5 V5 5) 


22 


= 


In terms of definitions, we obtain special Smarandache curve, see Figure 1. 


i 
Figure 1 3; = —=((5 + 2V5) sins + 10coss, (5 — 2V5) coss + 10sins, —9V5) 


5V5 
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